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ON THE if-DIVISIBILITY CONSTANT FOR SOME SPECIAL 
FINITE-DIMENSIONAL BANACH COUPLES 

YACIN AMEUR AND MICHAEL CWIKEL 


Abstract. We prove new estimates of the A-divisibility constants for some 
special Banach couples. In particular, we prove that the A-divisibility constant 
for a couple of the form (f/©y, U) where U and V are non-trivial Hilbert spaces 
equals 2/-\/3- We also prove estimates for the A-divisibility constant of the 
two-dimensional version of the couple (L 2 ,Loo), proving in particular that 
this couple is not exactly A-divisible. There are also several auxiliary results, 
including some estimates for relative Calderon constants for finite dimensional 
couples. 
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1. Introduction 

Let us begin by recalling the celebrated Brudnyi-Krugljak A-divisibility theorem 
(cf. [6], [7, p. 325, Paragraph C and Theorem 3.2.7 ]). 

Theorem 1.1. Let A = (Aq,Ai) be a Banach couple, and let N be either a fixed 
natural number or 00 . There exists a constant Cn, depending only on A and N, 
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which has the following property: Suppose that a is an arbitrary element ofAo + Ai 
whose Peetre K-functional satisfies the estimate 

N 

(1.1) K{t, a; A) < ^ (j>n{t) for all t > 0, 

n—1 

where the functions </>„ are each positive and concave on (0, oo) and 4>n{^) < 

oo. Then there exists a sequence of elements a„ G Aq + Ai such that a = 

(where this series converges in Aq + Ai norm) and 

(1.2) K{t, a„; A) < CNffnit) for all t > 0 and each 1 < n < N 1. 

The main interest of Theorem 1.1 resides in the special case when N = oo, but 
we will also need to consider other values of N below. We refer to [7] and also to 
remarks in the introductions of [9] and [11] for more details about Theorem 1.1 and 
its applications. Its original proof appears in [7]. Various alternative proofs using 
the so-called “strong fundamental lemma” can be found in [9], [4], cf. also [3]. 

We shall use the notation 7 ^( 2 !) for the infimum of all numbers Cn having 
the property stated in Theorem 1.1. This number may be called the N-term K- 
divisibility constant for A . When N = 00 , we follow the notation and terminology 
of previous papers and simply write 7 ( 2 !) instead of jNiA) and speak of the K- 
divisibility constant of A. It is not hard to check that these constants satisfy 

1 < 1^{A) < 7^(1) < 7(1), 1 < i < j. 

(Strictly speaking, the first inequality is only true if A is non-zero. “Non zero” 
means that we exclude the trivial cases where Aq = Ai and this space consists 
solely of the zero element of some Hausdorff topological vector space. In these 
cases 7 (A) = 0 .) 

All Banach spaces in this paper will be assumed to be over the reals, except when 
it is explicitly stated otherwise. But it is clear from the statement of Theorem 1.1 
that if Aq and Ai happen to be complex Banach spaces, then the value of 7 (A) 
will be the same, independently of whether we consider the underlying scalar field 
to be R or C. For a related comment see Remark 2.5. 

Our main goal in this paper is to calculate the exact value of, and obtain new 
estimates for 7 (A) for some particular “natural” choices of the couple A. Some 
of the auxiliary results which we obtain en route to this goal may perhaps also 
be useful in the future for other purposes, including the determination of 7 (A) for 
other couples. 

Theorem 1.1 is one of the most important and useful results in real interpolation 
theory, and potentially also has interesting applications beyond that theory. In 
its applications so far, the precise value of 7 (A) does not seem to play a crucial 
role. However, as has turned out to be the case with other important theorems in 
analysis, we believe that searching for optimal constants, and thus optimal proofs, 
can also enhance our general understanding of this very significant result. 

It is known (cf. [11]) that 

(1.3) 1 < 7 (A) < 3-k 2v^ « 5.8284 . 
for every non zero Banach couple A. 
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Recently [10] it has been shown that, in the case where is a non zero conple 
of Banach lattices (or complexified Banach lattices) of measurable functions on the 
same underlying measure space, the estimate (1.3) can be sharpened to 

1 < l{A) < 4. 

A number of couples A are known to be exactly K-divisible, i.e. to have the 
property that 7 (A) = 1. These include and the “weighted” LP couples 

(L)„^, and (T“q, for all choices of weight functions wq and wi. The proof 
that 7 (A) = 1 for the first of these couples can be found in [16]. It also follows 
from an obvious generalization of the proof of Lemma 5.2 of [15] p. 44. The proof 
for the latter two couples is contained in Proposition 3.2.13 of [7] p. 335. Let us 
also mention another collection of trivial examples of exactly A'-divisible couples. 
These are the non zero couples A = (Aq, Ai) for which Aq = Ai isometrically. (For 
such a couple, every element a € Aq + Ai satisfies K{t,a;A) = min{l,t}||a|| Aq. 
So, if a satisfies (1.1) and we choose a„ = ^^(i) Q for each n S N, then it is 

obvious that we obtain ( 1 . 2 ) with Coo = 1 when t = 1, and consequently also for 
all t > 0 .) 

On the other hand it is also known that 7 (A) > 1 for certain couples A. The first 
example to be given of such a couple was A = (C, C^ ), studied by Krugljak in [18]. 
Subsequently Podgova [20] showed that this same couple satisfies 7 (A) > ~ 

1. 5224. As announced in [21], Pavel Shvartsman has produced a different and much 
simpler example of a couple S = (So, Si) whose 2-term AT-divisibility constant 
satisfies 72 (*S) = He takes Sq to be equipped with the £°° norm and 

Si to be a one dimensional subspace of whose unit ball is a line segment which 
makes an angle of ^ with one of the coordinate axes. Furthermore, Shvartsman 
shows that this couple is “extremal” among all couples A = (Ao,Ai) satisfying 
Aj C for j = 0,1, in the sense that all such couples satisfy 72 (A) < It 

will follow from one of our results in this paper that 7 ( 6 ') < 2a/ 2/3 « 1.6330, and 
thus that the exact value of 7 ( 6 ') lies somewhere in the interval (1.52,1.64). 

Apparently, neither (C, ) nor Shvartsman’s finite dimensional couple can be 

realized as couples of Banach lattices on a measure space. But it turns out that 
there also exist couples of lattices whose AT-divisibility constant is bigger than 1 . 
The first examples of such couples were found in [12]. They are somewhat “exotic” 
couples of spaces A = (Aq, Ai) both contained in R^. They each satisfy 7 (A) > 1 
as a consequence of the fact that they do not possess another property, almost exact 
monotonicity, which is defined on p. 30 of [12]. 

In this paper we deal with what could be considered two of the simplest, “nicest” 
and most “natural” couples among those which are not already known to be exactly 
AT-divisible, namely a couple H = (Hq, Hi) of Hilbert spaces, and the lattice couple 
(L'^,L°°). In addition to its other good properties, (Ho, Hi) is known, as shown in 
[2], to be an exact Calderon couple. (L‘^,L°°) is also a Calderon couple [19] and 
the optimal decomposition for obtaining its A'-functional exactly is quite simple to 
describe. But it turns out, perhaps rather surprisingly, that neither of these couples 
are exactly A'-divisible in general, and one can even find two-dimensional versions 
of each of these couples for which exact Lf-divisibility does not hold. 
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The paper is organized as follows: In Section 2 we recall some definitions and 
collect some general preliminary results which will be needed in other sections. 
In Section 3 we find the exact value of 7 (T) where Y is the simplest non trivial 
version of a couple of Hilbert spaces. Our result is that 'y(Y) = After 

considering various generalizations of this result, we consider all other couples of 
(real) Hilbert spaces which are contained in and we prove a (rather more crude) 
upper estimate for their AT-divisibility constants, namely 7 (G) < 

Finally, in Section 4 we consider the couple (L^, L°°) and, in particular, the case 
where the underlying measure space consists of two atoms of equal measure, i.e. the 
two dimensional couple X = [6^^ if'). It turns out to be quite easy to show that 
7 (A') > 1. But the determination of the exact value of 7 (X) is a much longer and 
as yet unfinished story. We obtain some (rather complicated) equations which in 
principle could be solved to obtain the exact value of ^{X). Numerical experiments 
suggest that maybe 'y{X) is approximately equal to 1.03. The sharpest estimates 
which we have are 

1 < 7 (X) < i±.^ ~ 1 . 2071 . 

4 + 2 v^ 

In the Appendix we prove that the couple (L^, L°°) is an exact Calderon couple 
in the two-dimensional case, but not in the eight-dimensional case. This example 
proves that there are in general no tight connections between the properties of being 
an exactly iF-divisible couple and of being an exact Calderon couple. 

2. Some definitions and general preliminary results 

For the basic notions of the real method of interpolation, we refer, e.g. to [4], 
[5] or [7]. For any given Banach couple A = {Ao,Ai), we let Aj denote the 
Gagliardo completion of Aj, j = 0,1, i.e. the Banach space of elements a of Aq + Ai 
which are limits in Aq + Ai norm of bounded sequences in Aj or, equivalently, 
for which the norm ||a|U~ = snp^yQK{t,a;A)/P is finite. Obviously Aq + A^ = 
Aq -I- Ai. We also recall that the couple A = (Ao,Ai) and the corresponding 
couple of its Gagliardo completions A~ = [A’^^A^) have identical AT-functionals, 
i.e. K{t,a-,A) = K{t,a;A~) for all a G Aq -I- Ai and all t > 0. Consequently we 
also have 7 (A) = 7 (A""). 

There is a close connection between A'-divisibility and couples of weighted 
spaces which we wish to exploit. Our point of departure is the following lemma. 

Lemma 2.1. Let A = (Ao,Ai) be an arbitrary Banach couple and let a be an 
arbitrary element of Aq -I- Ai . Then there exist a measure space (0,5, /i) and 
measurable functions Wj : fl ^ ( 0 , 00 ] for j = 0,1 and a measurable function 
fa '■ LI ^ [0,oo) such that K{t,a;A) = K(t,fa;P) for all t > 0, where P is the 
couple of weighted spaces P = (L)„g(/x), (/i)). 

The straightforward proof of this result, which uses [5, Lemma 5.4.3, p. 117], can 
be found in [9, pp. 46-47]. It should not be overlooked that the weight functions 
wq and wi in Lemma 2.1 have the slightly exotic property that they are permitted 
to assume the value -l-oo. Since every function in {/T) + (/i) vanishes a.e. on 

the set where wg = wi = 00 , we always can and will assume that this set is empty. 
We also mention that the proof in [9] shows that (O, S, p) and wg and ici can be 
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chosen rather simply and quite explicitly, and we can also, for example, arrange 
things so that fa is a constant function. 

It turns out that for each A and each a G Aq + Ai and each corresponding P 
and fa with the properties just specihed, there exists a bounded linear operator 
T : P ^ A~ such that a = Tfa- Let Ta denote the set of all such operators T for 
some given choice of a and fa- Then it turns out that 

(2.1) l{A)= sup Ca where Ca = CaiA) := inf 

aGAo+Ai TeTa 

This formula, whose proof will be briefly recalled below, turns out to be partic¬ 
ularly suitable for our calculations of it'-divisibility constants in this paper. 

It is sometimes convenient to re-express (2.1) slightly differently. For A, a, P and 
fa as above, let Aa be the set of linear operators T : P ^ A~ with < 1 

such that Tfa = Xa for some positive number A = At- Then obviously (2.1) is the 
same as 

(2.2) 7 ( 1 ) = sup [inf . 

aeAo-l-Ai \T&Aa At/ 

Remark 2.2. Clearly Tta = TXa and so Cta = Ca for all scalars t 0- Furthermore, 
if, as is the case for most couples considered in the paper, Aq and Ai are both 
Banach lattices of measurable functions on the same underlying measure space, 
then it is easy to see that, in the formula ( 2 - 1 ), the supremum can be replaced by 
the supremum over all non negative functions a in Aq + Ai- 

Indeed, we have for every a G Aq + Ai that Ca = c\a\ - 

At hrst sight it seems that there could be some ambiguity in (2.1), because 
the set Ta depends on our particular choices of the measure space (12, S, p) and the 
associated functions fa, wq and wi. The key to showing that in fact there is no such 
ambiguity is the theorem of Sedaev-Semenov [23] (see [13] for an alternative proof) 
or, more precisely, the generalization of that theorem [9, Theorem 3, pp. 47-49] to 
the case of weight functions which are permitted to take the value -l-oo. It follows 
immediately from that theorem, that if (S, y, a) is a second measure space and 
vq and vi are weight functions and ga is a non negative measurable function such 
that K{t,ga-,Ll^{a),Ll^{a)) = K{t, fa] for alH > 0 then, for each 

e > 0, there exist two linear operators U : 

and V ■- (LUp),LUp)) (L(Ja), L(Ja)) which satisfy Uga = fa , Vfa = ga, 

ll^ll(il,o(foTl,,fo))-(ii,„(foTi,,(fo) < 1 + eand \\y\\{Ll^if,),Ll,{u))MLl^C),Ll^C)) ^ 
l + e- 

By composing the operators U and V with other suitable operators, we readily 
see that the quantity infTcTa IjL^II p^a~ independent of the choices of the measure 
space, weight functions and the function fa- 

For the convenience of the reader who may not be familiar with these details, 
we mention that the fact that Ta is non empty and the formula (2.1) are both ob¬ 
tained by considering the following theorem which, as we shall explain, is intimately 
related, in fact equivalent, to Theorem 1.1 (Cf. [14, Proposition 1.40]). 

Theorem 2.3. Let A = {Aq,Ai) be an arbitrary Banach couple- Then there exist 
constants Mi, M 2 and M 3 , depending only on A, with, respectively, the following 
properties: 
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(i) For each a € Aq + Ai, there exists a sequence of elements in A^yjAf 

which satisfies a = (convergence in Aq + Ai norm) and also 

(2.3) min , t ||ai,||^j. | < MiK{t,a; A) for all t > 0. 

i/ez 

(ii) Let Wo and wi be arbitrary weight functions on an arbitary measure space 

(ri,5,/i). Let P be the couple of weighted L^ spaces P = . Suppose 

that the elements a & Ao + Ai and f G L]^^ + L]^^ satisfy 

(2.4) K{t, a; A) < K{t, /; P) for all t > 0. 

Then there exists a bounded linear operator T : P ^ A"^ such that ||r|| < M 2 
and Tf = a. 

(Hi) Suppose that {Ll,S,pt), wq, wi, f and a are exactly as in part (ii), except 
that instead of ( 2 - 4 ) they satisfy 

K(t, a; A)=K{t, /; P) for all t > 0. 

Then there exists a bounded linear operator T : P ^ A~ such that ||r||p^^-c < M 3 
and Tf = a. 

In fact the infima of all constants Mi, M 2 and M 3 satisfying (i), (ii) and (Hi) 
respectively, coincide, and they all equal 7(^4), the infimum of the constants Coo for 
which Theorem 1.1 holds. 

For a proof of part (ii) of this theorem, which uses Theorem 1.1 and gives the 
value M 2 = Coo + e for any choice of e > 0, see [7, Theorem 4.4.12, pp. 586-588]. 
We mention in passing that part (ii) has an important and immediate consequence. 
It provides a simple description of all relative interpolation spaces for operators 
mapping from any weighted L^ couple into any Banach couple A which satisfies 
Aj = Aj for j = 0,1. 

Part (i), also known as the “strong fundamental lemma”, is proved in [9, Theorem 
4, pp. 59-54] for Mi « 8 and, with a better constant Mi « 3 + 2-\/2, in [11, pp. 
73-77]. Cf. also [10] for more explicit versions of some of the steps of the proof in 
[11]. (Note that in (2.3) we adopt the conventions that = 00 if a ^ Aj and 

that min{a, 00 } = minjoo, a} = a for every a G K..) 

Part (ii) can be deduced from part (i), and with M 2 = Mi + e for any choice of 
e > 0. This can be done, using (an obvious modification of) an argument which 
appears in [9, pp. 54-55] cf. also [15, Theorem 4.8, p. 38]. Moreover, this result, 
and also part (iii), are also both valid in the case where either or both of the weight 
functions wq and wi are permitted to take the value +00 on some subsets of Lt. 
The proof in [9] makes use of the generalized version [9, Theorem 3, p. 47] of the 
Sedaev-Semenov theorem already mentioned above. (The Sedaev-Semenov theorem 
is also the main, perhaps only, ingredient of the “obvious modification” mentioned 
above.) 

The connection between parts (ii) and (iii) is a simple matter. Obviously (ii) 
implies (iii) with M 3 =M 2 . On the other hand we can also easily obtain that (iii) 
implies (ii) with M 2 = M 3 + e for any choice of e > 0. This is done by first using 
Lemma 2.1 to obtain fa and then using the generalized version of the Sedaev- 
Semenov theorem to find a linear map U between appropriate couples of weighted 
L^ spaces, which satisfies Uf = fa and has norm arbitrarily close to 1 . 
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Theorem 1.1, with Coo = M 2 can be deduced from part (ii) of Theorem 2.3, again 
using arguments from [9, pp. 54-55] and using the more general version where the 
weight functions are permitted to take inhnite values. 

Conversely, as mentioned in [11, p. 71] and shown more explicitly in [14, Propo¬ 
sition 1.40], it is also possible to deduce part (i) (and consequently also part (ii)) 
of Theorem 2.3 from Theorem 1.1, with Mi = Coo + e for any choice of e > 0. 

It should be noted that part (iii) of the above theorem, together with the con¬ 
nections described above between the constants Mi, M 2 and M 3 for which parts 
(i), (ii) and (iii) of the theorem hold, give us the formula ( 2 . 1 ). 

For most couples A = {A[j,Ai) which we study in this paper, Aq and Ai are 
both finite dimensional. For such couples it is clear that Aj = Aj isometrically for 
j = 0,1. It is also helpful to know, as the following lemma shows, that, for such 
couples, the inhmum inf^GTa IjT^llp^^ appearing in ( 2 . 1 ) is actually attained for 
each fixed element a. This of course implies that the infimum infpgAa 1 /^t in (2.2) 
is also attained for each a. We will refer to any operator T for which this latter 
infimum is attained as an optimal element of A^. Obviously such an operator 
satisfies ||T||p^^ = 1 . 

Lemma 2.4. Let F = {Fo,Fi) and A = {Aq,Ai) be Banach couples and suppose 
that Aq + Ai is a finite dimensional space. Let a and f be arbitrary fixed elements 
of Aq + Ai and Fq + Fi respectively. Suppose that the class Fa of all bounded linear 
operators T : F ^ A which satisfy Tf = a is non empty. Then there exists an 
operator S G Fa such that = infpgT; ||T||j5^^. 

Proof. Let N be the dimension of Aq + Ai and let {ek}k=i be a basis of Aq+Ai. 
Then every bounded operator T •. Fq + Fi ^ Aq + Ai defines and can be dehned by 
a collection Ai, A 2 ,..., \n of N linear bounded linear functionals on Fq + Fi, via the 
formula Tg = ^k{g)ok for each g G Fq + Fi. Consider a sequence of elements 

in Fa such that jlTnllp^x < Ca -b 1/n, where Ca = infreT^ ||T||^^^. Let 
Xn,k denote the bounded linear functional on Fq + Fi defined for each n G N and 
each k G {1,2, ...,N}, such that T^g = ^n,k{g)ok for each g G Fq -\- Fi. Now 

let us define the operator S by 

N 

X*,k{g)ek for each g G Fq + Fi, 

k=l 

where the N linear functionals A*p, A*_ 2 , •••, A»,Ar and Ai are given by X*,kig) = 
B ({A„,fc(5)}„gN) 9 G + ^’i, where B G is a Banach limit, (i.e. an 

element of which satisfies \B | < limsup„^ 3 o |r*n| for all G 

£°° and also B ({wnljigN) = lim„^oo Un for every convergent sequence ). It 

easy to see that each sequence {Xn,k{g)}n,ofi is indeed in £°° and it is straightforward, 
if a little tedious, to verify that the operator S has all the required properties. We 
leave these matters to the reader. □ 

Remark 2.5. For all the couples A = (Aq, Ai) considered in this paper, Aq and Ai 
are both Banach lattices of real valued measurable functions with the same under¬ 
lying measure space. As usual, we can define the complexification of such a lattice 
Aj to be the space, which we may denote by A^, consisting of all complex valued 
measurable functions g such that |g| G Aj, with the obvious norm. It is easy to see 
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that the complexified lattice couple = (Aq, Aj') satisfies 7 (A''')= 7 (A). (Use the 
fact that for any function a G Aq + A^ we have K(t, o; A'^) = K{t, |a|; A).) 

3. On the ^-divisibility constant for Hilbert couples 

3.1. The ^-divisibility constant for the couple Y = (^ 0 ,^ 1 ) = The 

purpose of this subsection is to prove the following theorem. 

Theorem 3.1. LetY = {Yq,Yi) be the Banach couple of subspaces ofM.^ obtained 
by taking the unit ball ofYo to be the disk {{x,y) G < 1} and the unit 

ball ofYi to be the line segment {(x,0) G — 1 < x < l}. Then the K-divisibility 

constant of the couple Y is given by 

(3.1) ,(?) = 

Proof. Consider the point a = (cos a, sin a) GYq pYi where a G [0,27r). Let Ea 
be the set consisting of every number which is the norm |jr|| p^y some bounded 
linear operator T from some couple P of weighted spaces into Y, which satishes 
T f = a for some element f G Pq Pi for which 

(3.2) K{t, /; P) = K{t, a; Y) for all t > 0. 

Note that the weight functions wq and wi used in the dehnition of Pq and Pi are 
permitted to assume the value -boo on some sets of positive measure. We shall 
explicitly need this option here. 

Let Co = infPo- It follows from Remark 2.2 that 7 (T) = supog[o^^/ 2 ] Co. We 
claim that in fact 

(3.3) 7 (y) = sup Co. 

aG(0,7r/2) 

To show (3.3) we first observe that, since K{t,Tf; Y) < ||T|| p^y K{t, /; P) for 
all t > 0 and for every bounded operator T : P Y, we must have Co > 1 for every 
a G [ 0 , 7 r/ 2 ]. It turns out to be rather easy to show that Co < 1 in the two special 
cases, a = 0 and a = 7 r/ 2 , and this will of course imply (3.3). 

In the case where a = 0, i.e., a = (1,0), we use a very simple couple P where 
the underlying measure space consists of a single point b which has measure 1 and 
ll^llpo = ll^llpi = foJ' every h G Pq + Pi- (Le., wo{b) = wi{b) = 1.) We also 

use the “function” / G Pq -b Pi defined by f{b) = l which clearly satisfies 

K{t, /; P) = minjl, t} = K(t, (1, 0); T) for all t > 0. 

Then we use the operator T defined by T{h) = {h{b), 0) for all h G Pq -b Pi to show 
that Co < 1 . 

In the case where a = 7r/2, i.e., a = (0,1), it is convenient, once again, to use 
an underlying measure (H, E,/i) space containing (at least) one point b which is 
an atom of measure 1. But this time the weight functions wq and wi for which 
Pj = should be chosen to satisfy wii{b) = 1 and wi{b) = -boo. This means 

that every function h in Pi satisfies h{b) = 0 and so the linear map T dehned 
by Th = {0,h{b)) maps Pi into Yi with norm 0 and Pq into Tq with norm 1. 
Furthermore the function / = X{b} satisfies Tf = (0,1) and K{t,f;P) = 1 = 
K{t, (0,1);T) for all t > 0. This shows that c ^/2 ^ 1 and so completes the proof 
of (3.3). 
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In the light of the preceding calculations it remains to calculate or estimate 
Ca for values of a G (0,7r/2). So let us indeed fix a G (0,7r/2) and set a = 
(cosa,sina) = {ai,a 2 )- It is easy to see that the error functional E{t,a;Y) = 
inf {||a — f3\\Yg : /3 G Yi, 11/311^^ < t} is given by the formula 


E{t, a; Y) 


\/{t — ai)^ + , tG[0, Qfi] 

012 , t > ai- 


Now we will describe a particular couple of weighted spaces P = {Pq, Pi) on 
the (non empty) interval [0, ui], for which the function / = Xlo,ai] satisfies (3.2). 
Once again we use the fact that (3.2) is equivalent to 

(3.4) E(t, /; P) = E(t, a, Y) for all t > 0. 


To make (3.4) hold, we choose a measure /r on [0, ai] which coincides with Lebesgue 
measure on [0, ai) and such that the singleton set {ui} has measure /x ({ui}) = 1. 
Then we take Pj = ([0, ai], ^) for j = 0,1, where the weight functions wq and 

wi are defined by 


and 


Wo{t) 


-^^E{t,a;Y) 

CX2 


_ Oci—t _ 


t G [0, G^i) 
t = ai- 


Wi{t) 


1 , t G [0, cii) 

+00 , t = ai- 


Since wq is decreasing on [0, ai) it is easy to obtain that 


E{t, f,P) = / wodfj, = / wodfj, + a2 

./[min(t,a:i) ,q;i] ./[t,oo)n[0,Q;i) 

for each t > 0 which immediately also gives us (3.4) and (3.2). 

Let us now define E* to be the subset of Ea consisting of the numbers ||T|| 
obtained in the special case where P is the particular couple 


P = (■^^™o([0,ai],M),-^^™i([0,ai],M)) 


which we have just defined, and the function / for which Tf = a is given by 
/ = X[o,ai]- In view of the generalized version of the Sedaev-Semenov theorem in 
[9], it is clear that is also the infimum of the set E*. 

Any bounded linear operator T : P Y for this particular choice of P must be 
given by the formula 


(3.5) Th=l[ giiOHOd^ + fdMai), [ g2m{0d^ + f32h{ai) 

y^[0,ai) J[0,ai) 

for all h € Pq + Pi- Here gi and g 2 are suitable bounded measurable functions on 
[0, ai) and (ii and (i 2 are real numbers. For all h G Pi we have h{ai) = 0. But all 
such functions h must also satisfy /jp 32(C)^(C)'3C + P 2 h{ai) = 0. Consequently 
<72 = 0 a.e. on [0, ai). Thus the norm ||r||p^^y^ equals IlffillioojQ The norm 
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Ill’ll is the supremum of 


/ (5iX[0,ai) + f3iX{ai}) hdfi + d 2 P 2 h{ai) 

7 [0.,ai] 


' [0.,ai 


(^'l5lX[0,ai) + + 02P2)X{ai}) hd^i, 


as h ranges over the unit ball of Pq and (0i, 6 * 2 ) ranges over the unit circle. Let us 
first calculate the supremum, for a fixed choice of ( 0 i, 62 )^ as h ranges over the unit 
ball of Pq. The standard duality between and L°° gives us that this supremum 
equals 

6'l5lX[0.ai) + {Olldl + 6'2^2)X{ai} 


(3.6) 

We now claim that 


= max < 9i ess sup 
I ?e[0.ai) 


Wo 

9ii0 


woiO 


lL°°([0,ai],/i) 

|0i/3i + 6 * 2 / 32 ! 1 

a 2 I ’ 


(3.7) 


||r|| p^^Yo = “ax ess sup 
I «e[o.ai) 


ffi(C) 


WoiO 


\/ Pi + P‘ 


0:2 


This is because the expression in (3.6) equals the expression on the right side of (3.7) 


for a suitable choice of ( 0 i, 6 * 2 ) on the unit circle (either ( 1 , 0 ) or 


/9i 


02 


_ l/ 01+02 V 01+0i 

Furthermore it is dominated by the expression on the right side of (3.7) for all other 
points ( 6 * 1 , 6 * 2 ) on the unit circle. 

Since wo{^) < 1 for all ^ G [0,ai), we have that 


)• 


ll^llpi^Yi ~ II 5 i|Iloo[o,qi) 


= ess sup |(/i(OI < ess sup 

[0,Qi) ?6[0,ai) 


9li0 


WoiO 


This means that the norm ||T||is also given by the expression on the right side 
of (3.7). 

Of course here we are only concerned with those operators T for which Tx[o,ai] = 
(ai, a 2 ), i.e. 


(3.8) [ 9i{0d^ + Pi=ai and P 2 = a 2 - 

J [0,ai) 

By Lemma 2.4 there exists such an operator T which satisfies ||T||p^.j> = Ca- 

Evidently the functions gi and numbers Pi and P 2 which are used in the formula 
defining T must satisfy |(7i(C)l ^ Coico(C) for a.e. ^ G [0, oi) and Pi + P 2 < CoQ; 2 - 
Consequently, substituting from (3.8), we have 

ai = f 9ii0d^ + Pi< [ CaWoiOd^ + Jclal - /3| = 

J[ 0 ,ai) J[ 0 ,ai) 

= CaiJop + - a2) + a2\/c2 - 1 = Ca(l - a2) + Q;2\/c2 - 1. 
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In the special case where a = 7r/6, i.e. when ai = and = 1/2, the previous 
inequalities immediately imply that 

\/3 < C ^/6 + 

This is false if c,r/6 < 2/-\/3- he., we have shown that 

(3.9) C,r/6>2/V3. 

We shall now prove that < 2/-\/3 for all a G (0,7r/2). Having chosen such a 
value of a, we set ai = cos a and a 2 = sin a. Since 

«! + 02 = + 2aia2 + a2>\J a\ + = 1, 

we have that .. >1. It is clear that the function d)(x) := decreases from 

to 1 on the interval I = [0, ai +a 2 ~ 1]. This in turn means that the continuous 
function ■= ct2\/4’''^{x) — 1 — x is also decreasing on the same interval. Since 
V'(O) > 0 and 'ip{ai + q ;2 — 1) = 1 — ai — a 2 < 0, there exists a number Pi in the 
interior of / such that i’iPi) = 0, i.e. 


(3.10) 

We shall use this number in the formula (3.5) to define an operator T : P ^ Y where 
we choose the other numbers and functions in the formula by setting g 2 (^) = 0 (as 
we are obliged to do) and also 

(3.11) 5 i(^) = ^ —^wo(0 for all / € [0, ai) and P 2 = a 2 . 

1—02 

Observe that, with these definitions, 

'^XfO.ai] = ^ (1 — < 22 ) + /?!, 0^2^ = («!, a2), 

i.e. the quantity CP ■= ||r||p^.j 7 belongs to E*. In particular, Ca < Ca- But, in 
view of (3.7) and (3.10), we have 

^ _ oil — Pi 

1 — a2 

This in turn can be substituted in (3.10) to give 

Pi = a2i/Cl^ 


and so 


We deduce that 
(3.12) 


Q:i - Pi _ cti - a 2 \/C*a - 1 
1 — a2 1 — a2 


Ca + 


<22 


1 — <22 




CHl 

1 — <22 


We claim that (3.12) implies that 


( 3 . 13 ) 


Ca < 2/V3. 
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If this is false, then 

«1 > A + 0^2 /4 _ ^ ^ J_ /^2 + ^ 

1-Q;2 ^/3 1- 0:2 Vs ^/3\ 1 -q;2/ 

and so -\/3ai > 2(1 — 02 ) + 02 = 2 — 02 - Consequently, > 4 — 4q; 2 + ai- Since 
af + a^ = 1 it follows that 3 — 3q;| > 4 — 4q; 2 + ai) i-®- that 4a| — 4a2 + 1 < 0. But 
this cannot hold for any real number 02 - This contradiction establishes (3.13). 

We immediately deduce that Ca < 2/a/ 3 for all a G (0,7r/2). Combining this 
with (3.9) and (3.3) gives (3.1) and completes the proof of the theorem. □ 


3.2. Generalizations and further remarks. We have the following generaliza¬ 
tion of Theorem 3.1. 


Theorem 3.2. Let U and V be nontrivial Hilbert spaces and consider the couple 
W = {U ®V,U). Then 7 (W) = 2/v^. 

The proof is very similar to the case of Y. We sketch the changes necessary to 
make the proof work in the general case. 

Choose unit vectors u G U and v G V and an element a = ( 01 , 02 ) G such 
that of -I- 02 = 1. It is then easy to see that 

K{t, aiu + a 2 v; W) = K{t, a; Y) = K{t, /; P), t > 0, 

with / = X[o,ai] and P = {Ll^^,Ll^^) defined as before. For w G Wq + Wi let 
Cw = Cw{W) be the quantity defined by (2.1). It follows from Remark 2.2 that 

liW) = SUp{Caj„+a2„}, 

the supremum being taken over all points ( 01 , 02 ) of the unit circle and all unit 
vectors u G U, v G V. 

For fixed u, v and a as above we now choose T : P W as 


(3.14) 


Th = 



giiOHOd^ + 


u 02 / 1 ( 01 ) 1 ; 


where the functions gi and the number (3i are defined by (3.10) and (3.11). Clearly, 
Tf = Oiiu + a^v. Moreover, as in the case for T, one verifies that this operator T 
satisfies 


ni 


P^W 


= max ess sup 
?e[o.ai) 




woiO 


+ a 2 
02 


By the reasoning at the end of the proof of Theorem 3.1, we now obtain that 
Ca.iu-\-a2V — \\T\\p^^ < 2/^/3, proving that i{W) < 2/v^. 

In order to prove the reverse inequality, we observe that an arbitrary operator 
S P such that Sf = aiu + a 2 V can be represented in the form 


Sh=( [ GiiOhiOd^ + Bih{ai)) 0 ( 02 / 1 ( 01 ) 1 ;) 

\J[0.ai) J 

where h G Pg + Pi and Gi G T°°([0, Oi), /7) and Hi G U. Putting gi{^) = (Gi(^), u) 
and Pi = {Bi,u), we obtain a corresponding operator T of the form (3.14) also 
satisfying Tf = aiU + a 2 V and such that ||T ||< ||<S'|| p^^- Now, in the case 
when oi = i/i/2 and 02 = 1/2, the estimate ||r||p^^ > 2/i/Z follows exactly as 
in the case for T. □ 
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It seems plausible that couples of the above form are extremal amongst all Hilbert 
couples in the sense that their ib-divisibility constant is maximal. Thus we have 
the following open question. 

Question 1. Is 7 (#) < 2/Vs for every Hilbert couple H ? 

For a comment related to this question, see Remark 3.11 below. 

We now turn to some generalizations of our result in other directions. These will 
include the following result: 

Theorem 3.3. Let X = (Xq, Xi) be a Banach couple such that Xq is two-dimensional 
and Xi is a one-dimensional subspace of Xq- Then 7 (X) < 2a/2/3. 

Remark 3.4. Note that Shvartsman’s couple S [21], where So is equipped with 
the £oo-norm and Si the one-dimensional subspace o/R^ whose unit ball makes an 
angle ofn/S with the positive x-axis, is of the form occurring in Theorem 3.3 and 
satisfies j{S) > 

In order to prove Theorem 3.3 we first need to introduce some terminology and 
obtain some preliminary results. 

Definition 3.5. Let A = {Ao,Ai) and B = {Bo,Bi) be two Banach couples. A 
linear operator T : Aq -\- Ai ^ Bq -\- Bi which, for j = 0 and j = 1, is a one to 
one map of Aj onto Bj and satisfies ||ra||^^. = Cj ||a||^^. for all a € Aj and some 

positive constant cj, is called a rigid map of A onto B. If such a map exists, then 
we say that B is a rigid image of A. (This is of course the same as saying that 
A is a rigid image of B.) 

A classical and much used example of two couples which are rigid images of 
each other, goes back to the paper [25] of Stein and Weiss, where it was pointed 
out that, in the terminology of Definition 3.5, any couple of weighted LP spaces 
B = {LPf^ (n, E, g), LPf^ (O, E, g)) some measure space (Ll, E, g) where 1 < po < 

Pi < oo, is a rigid image of an unweighted couple A = {LP° (O, E, u), (fl, E, v)) 
for some other measure v on the same measure space. 

Fact 3.6. If B is a rigid image of A then j{B) = 7 (A). Furthermore we have that 
Ca(A) = CTa(,B) for all a G Aq + Ai, where T is a rigid map of A onto B. 

In order to prove Fact 3.6, we first note that standard arguments show immedi¬ 
ately that K{t, Ta; B) = cqK a; A^ for alH > 0 and all a € Aq -\- Ai. 

Put b = Ta and suppose that K{t,b;B) < for all < > 0, where 

the functions fin '■ (0,oo) ^ (0,oo) are all concave and Yl^=i'4’n(l) < 00 . Then 

K{t,b]B) = coK(^^,a]A^ < E“=i coV'n (77) • Since fin{t) := Cq Vn is 

concave for each n and finV) < 00 it follows from Theorem 2.3 that, for each 

e > 0, there exists a sequence of elements in Aq-I-Ai such that a = 

with convergence in Ag -I- Ai norm and K{t, On', A) < ^Ca(A) -|- finV) for all t > 0 

and all n G N. If we set = Tun for each n then it is clear that b = with 

convergence in Bq -\- Bi norm and 

a:/, A) = cqA: A^ < {ca{A)^ cofin = {ca{A)^ fin if) 
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for alH > 0 and all n G N. This shows that Cb{B) < Ca{A) + e for each positive e. 
It follows that Cb{B) < Ca(A) and of course an analogous argument using T~^ in 
place of T shows that Ca{A) < Cb{B). This finishes the proof of Fact 3.6. 

Suppose that X = {Xq.Xi) satisfies the hypotheses of Theorem 3.3 and that, 
furthermore, Xq is also a Hilbert space. Then it is easy to see that X is a rigid 
image of F = consequently jiX) = 2/-\/3. (More explicitly, suppose 

that { 61 , 62 } is an orthonormal basis for Xq. Then, for some constants a and (3 
we have Xi = {ate\ + j 3 te 2 : t G R} and Haei + / 3 e 2 ||xi = 1- Now let Vb = 
with ||(a;,y)||i/j, = ||xei +ye 2 \\xo = + 2 /^ and let Vi = {(at,/3t) : t G R} with 

II(at,/3t)||i/j = ||at 6 i +/ 3 e 2 t||xi = |t|- The linear map T : V ^ X defined by 
T{x,y) = xei + ye 2 shows that V and X are rigid images of each other. Then a 
suitable map of rotation in R^ which moves the point (a, (3) to ( 1 / 0 ^+^, 0 ) shows 
that F is a rigid image of F.) 

The classical Banach-Mazur distance between Banach space has a counterpart 
for Banach couples. We have the following definition. 

Definition 3.7. Let A = {Ao,Ai) and B = {Bq,Bi) he Banaeh eouples. If Aj is 
isomorphic to Bj for j = 0,1, then the Banach-Mazur distance between A and 
B is defined by 

d(l; H) = infillII 

the infimum being taken over all linear isomorphisms T : A ^ B. Otherwise 
d{A; B) = 00 . 

Several of the general results which now follow should probably be considered 
as belonging to the folklore of interpolation theory. For example, they should be 
compared with Section 3 of Brudnyi and Shteinberg [ 8 ], where similar notions and 
results are discussed. 

Proposition 3.8. Let A and B be non-zero Banach couples. Then 
(3.15) jiA)<j{B)d{A;B). 

In particular, j is a bounded continuous function on the category of Banach couples 
endowed with the Banach-Mazur metric. 

Before we prove this proposition let us show how Theorem 3.3 follows from it 
and Theorem 3.1: 

Use John’s theorem to choose a two-dimensional Hilbert space Zq such that 
II • lUo — II ■ IIaTo ^ V^ll • II Zo and let Zi = Xi. The couple Z is then a Hilbert couple 
such that d{S; Z) < \/2. As explained above, Z is isometric to a rigid image of the 
couple F and so we have 7 (F) = 2/-\/3 which proves Theorem 3.3. 

It remains to prove Proposition 3.8. The fact that 7 is bounded is of course the 
Brudnyi-Krugljak theorem (Theorem 1.1), so we will only need to prove (3.15). 

In fact, we will deduce (3.15) from a more general proposition. We will first 
require yet another definition: (Cf. [ 8 ].) 

Definition 3.9. Let K he either^ orC and assume in the following that all Banach 
spaces are over the field K. 
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Let C be a non-negative constant. Two couples A, B are relative C-monotonic 
couples if for every e > 0, all a € Aq Ai and P G Bq Bi such that 

(3.16) K{t,P;B) < K{t,a;A), t>0 

there exists a K-linear operator T = Tg : A ^ B such that 

Ta = P and < C + £. 

The smallest constant C satisfying this implication is called the Calderon con¬ 
stant relative to A and B and is denoted by c(A;B). We also put 

c„(IK) = sup{c(£l; B) : dimK(£li) < n and dimK(i?i) < n, i = 0, 1}. 
Proposition 3.10. Let and B^ be non-zero Banach couples for i = 1,2. Then 
c{A^-,B^) < d{A^-,A^)c{I^;B‘^)d{B^;B^). 

Proof. We may assume that both of the Banach-Mazur distances above are finite, 
because otherwise the statement is trivial. 

Take a G Aq -\- Al and P G Bq -\- Bl such that K{t,P;B^) < K{t,a;A^) for 
all t > 0. Let Ta '■ A^ ^ A^ and Tb : B^ ^ B^ be isomorphisms such that 
\\Ta\\\\TX^\\ <d{A^;A‘^) + eand \\TB\\\\Tff^\\ <d(#;#) + e. It follows that 

\\TB\\-^K{t,TBiPy,B^) < K{t,a-A^) < ||T^i||iL(t,T^(a); 1^) 

for all t > 0. Take e > 0. It then follows that there exists an operator Tq : A^ ^ B^ 
such that To(T^(a)) = Tb{P) of norm at most {c{A‘^;B‘^) + e)||TB|| ||T)('^||. The 
operator T : A^ ^ B^ defined by T = Tg^oT^oTA then fulfills T{a) = P and ||T|| < 
||r5i||(c(A2;B2) + e)||TB||||T^i||||T^|| + □ 

Proof of Proposition 3.8. Fix a Banach couple A. By Theorem 2.3 we have 

jiA) = sup{c(P; A)} 

over weighted L^-couples P. But Proposition 3.10 yields that for each particular 
weighted L^-couple P we have 

c{P;A) < c{P;B)d{A;B). 

The inequality (3.15) follows by taking the supremum over all weighted L^ couples 
P. □ 

Remark 3.11. Let Hi be a finite-dimensional Hilbert couple. Then it is easy to 
see that there exists a finite sequence A = {Xp'jPi C [0,oo] such that H is isometric 
to the weighted f'-couple (£^,^^(A)). A generalization of this statement to the case 
of infinite-dimensional Hilbert couples has been given by Sedaev [22]. By this latter 
observation, the interpolation of Hilbert couples becomes essentially the same as 
that of weighted (P-couples. (Cf. also [17] and [2], [l].j 

3.3. Calderon constants for finite dimensional couples. Since we have had 
to introduce and use relative Calderon constants in the previous subsection, it is 
now convenient for us to make a slight digression and prove the following theorem 
estimating the size of relative Calderon constants for couples of a given finite di¬ 
mension. This result is closely related to Theorem 3.1 of [8]. The method of proof 
is is very similar to that of [8] Section 3. 

Theorem 3.12. c„(C) = n and n/-\/2 < c„(]R) < n for all n G N. 
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Remark 3.13. In [8], Brudnyi and Shteinberg introduce the quantity defined 
by 

>Cn = sup{c(A; A) : dim(^i) < n for i = 0, 1}, 
where the supremum is taken with respect to Banach couples over the reals. In 
Theorem 3.1 o/[8] they show that < n\f2. Since of course >Cn < c„(]R), 

our result provides a somewhat better upper estimate for Kn. 

Proof of Theorem 3.12. “ <”: Let A and B be couples such that all the spaces Ai 
and Bi are of dimension at most n (scalars can be real or complex). Let a G Aq + Ai 
and P G Bq + Bi he elements satisfying (3.16). Use John’s theorem to find Hilbert 
spaces Hi and Ki such that d{A; H) < ^/n and d{B; K) < y/n. By Proposition 3.10 

c{ A; B) < nc{II; K) 

But Hilbert couples are exact relative Calderon couples, i.e., c{H;K) < 1 by The¬ 
orem 2.2 of [2]. Thus c{A; B) < n. 

“ >”: This is a straightforward adaptation of the elegant arguments given in [8], 
Section 3. 

First assume complex scalars and define the space suitable fixed values 

of p, q and r by the norm 

n 

fc=l 

For fixed p and q we also define the couple Piq) = {Pf^{q),£p{q)). (The usual 
conventions apply for the case p = oo.) 

Choose a fixed q > 1 and put h = {^q, pet, ■ • ■, pct) G C". As is shown in [8], 
we have 

Tl i— -j 

(3.17) K{t,h;P{q)) = ^ min{l, K{t, h; (q)). 

k=i V9 + -^ 

(It is convenient to first prove the inequality in the cases t = q^, and then use the 
concavity of the AT-functional.) 

By (3.17) there exists an operator T : i^(q) ^ such that T{h) = h and 
lir||<^c(C(g);£l(<z)). 

Since we are assuming complex scalars, the Riesz-Thorin theorem can be applied. 
It yields that 

This in turn yields 

n = | c(C(g);^(g))||h||^^,i/ 2 (^^ = | c(C(g);l^(g)). 

It follows that c„(C) > c(/“(g);^(( 7 )) > . Since q can be chosen arbitrarily 

large, this gives c„(C) > n. The modifications necessary to treat the real case are 
carried out as in [8]. □ 

We end this subsection with an open question. 


Question 2. Is c„(]R) = n? 
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3.4. On the case of a regular two dimensional Hilbert couple. Let r be a 

positive number and let G = (Go, Gi) be the couple for which Go = (-2 s-iid Gi is 
the weighted version of with norm ||(a;,?/)||Q^ = 

In this subsection we will prove a rather simple estimate: 7 (G) < \/2. 

Let us remark first that in the trivial case where r = 1 we obtain 7(^2 5 ^ 2 ) = 1- 
In the general case, Proposition 3.8 yields that 7 (G) is a continuous function of r 
and 7 (G) < max(Y^, iZ-^r). (This is because the Banach-Mazur distance between 
G and (^ 2 )^ 2 ) is max(-y/r, 1/-Jr).) 

Fix a point a = {b,c) = (cos a, sin a) G Go + Gi where a G [0,27r). In fact, by 
Remark 2.2, we only need to consider the case where a G [ 0 , 7 r/ 2 ]. 

We will look for a parametric representation of the curve which is the boundary 
9r(a) of the Gagliardo diagram of a. 

First let us fix some t > 0 and determine the point 2 : = {x,y) for which the 
infimum K 2 (t,a;Go,Gi)‘^ = inf 2 gR 2 || 2 ;||g^ + t ||a — 2 ;||g,^ is attained. The point 
which we are looking for is of course the unique critical point of the function 
y) = x'^ +y‘^ +t{x - bf + tr{y - c)^, i.e. a; = ^ and y = 

It is clear that, for this choice of 2 , the point ^||z||q^ , ||a — zll^^^belongs to 

i9F(a), and that, furthermore, as t ranges over (0, 00 ) we obtain all points of (9F(a)n 
{(a;o,a:i) : a;o > 0,a;i > 0} in this way. We note that b — x = “ lIt 

c-y= It follows that 

(3.18) aF(a) n {(xo, xi) : xq > 0, xi > 0} = {( 7 o(t), 7i(t)) : 0 < t < 00 } . 
where the functions 70 and 71 are given by 


I 7 * 2^2 I ^2 7 * 7^2 

><*> = ‘\J (ITT OTSy '"<*> = V (TTT + ■*“ ‘ 

Obviously 71 (t) is a strictly decreasing function of t. Since 7 o(l/t)^ = 
it is also clear that 70 (t) is a strictly increasing function of t. 

Considering the limits of 70 and 71 as t tends to 0 and to 00 , we deduce that i9F(a) 
is the union of the curve specified in (3.18) with the two rays on the coordinate 
axes 

(3.19) {(0,x):v^ + rc^ < V < oo| and {(i;, 0) : 1 < v < 00 } . 

Next we define two functions wq and by wo(t) := 7 Q(t) and wi(t) := — 7 ((t) for 
all t G (0, 00 ). These will turn out to be convenient weight functions to use in a 
couple of weighted spaces on (0,oo) as an essential step for calculating 7 (G). 
We note that (3.19) implies 


(3.20) 


0 


wo{t)dt = 1 and 


0 


wi{t)dt = 1/52 -p rc^. 
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We will see that routine calculations show that wg and wi are given explicitly 
62 


by 

(3.21) 


’j(i) = 


(l + t)3 + (l + rt)3 


62 


j,2 j^2 


for j = 0,1 and t € (0, oo). 


(l + t)2 (1 + rtf 


The proof of this in the case j = 1 is immediate. For the case j = 0 we can first 
observe that 

7o(1A)-^=-17(7o(1A)) = 


(T+tp 


(t+rp 


dt 


62 

IT+tF 




which implies that 




wo{^/t) = 


IT+iF 


It+rp 


(l/t+l)3 + (1+r/tyi 


t 


62 

(T+ip 


(t+r 


62 

PTi+Tp 


(i+FTtp 


which immediately gives (3.21) for j = 0. 

Note that wg and wi are both strictly positive on (0, oo). 

We will use the couple P = {Pg,Pi) of weighted spaces on the measure space 
(0,oo) (equipped with Lebesgue measure) where Pg = and Pi = Ll^^. Let / 
be the function which equals 1 identically on (0, oo). We will show that 

(3.22) K(t, /; P) = K{t, a; G) for all t > 0. 

For each t > 0 it is well known and very easy to check that 


(3.23) 


K{t,f;P)= min{'u;o(s),tu’i(s)}ds 
Jo 


and that an optimal decomposition / = /o,t + /i,t, for which the infimum in the 
calculation of (3.23) is attained, is given by /o,t = XEt and fi^t = X(o,oo)\Et: where 

(3.24) Et = {s > 0 : wg{s) < twi(s)} . 

We need to consider the function 

(3.25) = -^^ = 1 + 


(r — r2)c2 


wi{ty 


62 

(1+1? 


(i+itr 


62 


(’'+fef)' 


_|_ J.2^2 


In the trivial cases where (6, c) is either (0,1) or (0,1) this is a constant function, 
and it a simple matter to check that (3.22) holds. (In the first case the iX-functionals 
on the left and right sides of (3.22) both equal min{I,t} and in the second case 
they both equal min{l,tY?}). 

In the remaining non-trivial case when 6 and c are both non zero it is easy to 
see from (3.25) that, for any r € (0, oo) with r 1, 


(3.26) 


Wait) . 


Wl{t) 


is a strictly increasing continuous function of t on (0,oo). 


(The two cases r < 1 and r > I have to be considered separately.) 
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We introduce and calculate two “limiting” values of t by setting 


(3.27) 
and 

(3.28) 


ti := lim 


wo(s)^ 

0 wi{sy 


= 1 + 


lim 

s^oo Wi{s)^ 


(r-r^)c^ _ 6^ + 

b2 _|_ j.2^2 

(r - r^)c^ 


rc 


^62 


= b^ + cVr. 


The property (3.26) implies that the set Et defined in (3.24) is an open interval 
of the form Et = {0,u{t)), where u is a non decreasing function of t. By (3.27) 
and (3.28) we see that u{t) = 0 for t < to and u{t) = oo for t > too, and, for each 
t G (toitoo), u{t) is the unique number in (0,oo) for which WQ{u{t))/wi{u{t)) = t. 

We can now deduce that, for t e (toi ^oo), ||/o.t||pp = ■a'o(s)ds = 7 o(s)ds = 
7o(u(t)) - 7o(0) = 7o(u(i)) and \\fi,t\\p^ = f^^^wi(s)ds = -7i(s)c^s = 

7i(w(t)) - lim^^oo 7iir) = 7iiuit)). 

This shows that, as t ranges over the interval (to, ^oo), the point (^\\fo,t\\pg , ||/i.t||pj^ 
ranges over the curve (3.18), i.e., r(/) = r(a). By the well-known relation between 
TC-functionals and Gagliardo diagrams, (see [5], sect. 7,1), this implies that (3.22) 
holds. 

It is clear that every bounded operator T : P G uniquely determines and 
is uniquely determined by a suitable pair of (equivalence classes of) measurable 
functions gj : (0, oo) ^ R for j = 0,1, via the formula 


(3.29) Th= ( j go{s)h{s)ds, j gi{s)h{s)ds\ for all ti G 


rl 

^wo 


+ ^Wi- 


Vo Jo J 

When it is necessary to explicitly indicate the connection between the operator T 
and the functions gg and gi which dehne it via (3.29), we will use the notation 
in place of T. 

Of course we need to be more explicit about the conditions that the functions 
gg and gi must satisfy. Straightforward arguments (exactly like the proof below of 
the equivalence of conditions (4.9) and (4.10)) using the Lebesgue differentiation 
theorem and a suitable form of Minkowski’s or Schwartz’ inequality, show that the 
norm of T is given by 


(3.30) 




P^G 


= max 
i=o,i 


ess sup 

(0,oo] 


\/go + 


Wj 


and so gg and gi must be such that this expression in finite. 


Remark 3.14. For our purposes, we can without loss of generality assume that 
r > 1, since for each r < 1, the couple G is a rigid image of the corresponding 
couple where r has been replaced by 1/r. (Use Fact 3.6 and the rigid map (x,y) 

iy/Vr, xlVr).) 

Now we will consider the class T = % of all bounded operators T : P ^ G 
which satisfy Tf = a and consider the quantity Co = Ca{G) = inf{||T|| : T G T}. 
We first make a simple observation: 

Proposition 3.15. We have cg = CT^ji = 1 and if a G (0,7r/2) then Ca < VYtGF. 
In particular, 7 (G) < V2. 
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Proof. By Remark 3.14 we can and will assume that r > 1. 

If a = 0, i.e., if (&, c) = (1,0), then we have that WQ{t) = wl{t) = and the 

operator T = defined by go{s) = and gi(s) = 0 satisfies Tf = {b,c) 

and ||T|| = 1. Thus cq = 1. The proof of the fact that = 1 is equally simple. 
It uses the functions go(s) = 0 and gi(s) = 

Now let a € (0,7r/2). We claim that it suffices to consider the operator T = Tg^^g^ 
given by go(s) = bwo(s) and (/i(s) = cwi{s)/\/h'^ + rc^. Indeed Tf = a by (3.20), 
and furthermore, by (3.27), 


5o(s) + ffi(s) 


= ¥ 


wi{sY 


Wq{s) 6 ^ + rc^ wo{s) 


2 — 


< 52 + 


+ r^c 


(6^ + 


Similarly, (3.28) yields the estimate 
9Us)+rgHs) ^ ^ 2 wl{s) , rc? 


vl{s) 


f (s) 6 ^ + rc^ 


< h\V Pc^jr) + 


rc 


52 -I- rc^ 


<b^ + l. 


<b^ + l. 


We conclude that Ca < Vb"^ + 1. It follows that 7 (G) < V^. 


□ 


Remark 3.16. The above proposition combined with a simple application of Propo¬ 
sition 3.15 and John’s theorem, and also with Theorem 3.3, shows that 7 (W) < 2 
for every two-dimensional (real) Banach couple X. 

3.4.1. Further discussion. From here onwards, in view of Remark 2.2, and since we 
have seen that cq = c^^j^ = 1, we need only consider the case where a G ( 0 , 7 r/ 2 ) 
and so the numbers b and c are strictly positive. 

We will also suppose that r > 1 (cf. Remark 3.14). 


Let T = Ta, 


be a member oi % c for which the infimum 


(3.31) 


= inf 
Ter. 


\\n 


P^G ■ 


is attained. Lemma 2.4 guarantees that such an operator T exists. 

The exact value of Cq evades us at this point, but we hope that the following 
remarks will provide a step on the way towards calculating and therefore also 
7 (G). We will show below that the functions go, gi possess certain properties. We 
will also prove the estimate Ca < (1 + \/r)l2. This will imply, in view of Proposition 
3.15, that 

1 + 


(3.32) 


7 (G) < min 


-,^/2 


Remark 3.17. Let go and gi be the functions defined by gj := ylffjl for 

j = 0,1. It is easy to check that the operator T = Tg^^g.^ is also in and that 

II^So.Si llp^G — II^So.Si llp^G' 

By Remark 3.17, we can and will assume that go and gi are non-negative a.e. 
The conditions on T imply that 

ffo + ffi — OaWQ and also 

9 o + rgf < c^^wf at almost every point of ( 0 ,oo). 

We introduce two subsets Eq, Ei of (0,oo) defined by 

Ei = {se ( 0 , 00 ) : go{sf + r*gi(s)^ = c^Wi(s)^}, i = 0 , 1 . 

The following simple fact is true. 


(3.33) 
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Fact 3.18. The set Eq U Ei contains almost every point of (0,oo). 

Proof. Suppose, on the contrary, that there exists a set C (0,oo) of positive 
measure, such that Oq + gf < c^Wq and also + rgf < at every point of 

E. Then we can suppose, replacing E if necessary by a smaller subset also having 
positive measure, that, for some positive e , 

(3.34) Pq -\- g\ < {1 — and also g^ + rg\ < (1 — e)(?a'^i at all points of E. 

For j = 0,1 we define the function 'pj = \Jp'j + where 

(3.35) 


= ec„X£;mm<; — 

It follows easily from (3.33), (3.34) and (3.35) that, for j = 0,1, we have 

(3.36) gl + Egf = Po + gl + {lPr^)(j)< clw] 

at every point of E and at almost every point of (0, oo)\E. 

Since wq and wi are both strictly positive on (0, oo) and E has positive measure, 
it follows that 

(3.37) 

pCX) PCX) PCX PCX 

b '= go{s)ds > b = / go('S)'^'S and c := / gi{s)ds > / gi{s)ds = c 

Jo Jo Jo Jo 

and so the operator S defined by S' = where vq = |5o and vi = £gi sat¬ 

isfies Sf = a. In view of (3.36), (3.37) and (3.30), its norm satisfies ||S||p^(j < 
max||, || Ca < Ca- This contradicts the minimal property of Co, i.e. (3.31), and 
so proves (3.18). □ 

It is convenient to restate Fact 3.18 slightly differently as: 

For a.e. s G (0, oo) the point {go{s), gi{s)) G dQs, 
where the sets Qs are defined by 

Qs ■= {{x,y) : x>0,y>0,x'^ + y'^ < clwl{s), x'^ + ry'^ < clwl{s)} . 

The boundary of Qs consists of a segment of the x axis, a segment of the y axis, 
and subsets of the quarter circle Cg of radius CaWo(s) and of the quarter ellipse T^ 
with semi-axes of lengths CaWi(s) and ■^CaWi(s) in the directions of the x and y 
axes respectively. 

Since r > 1 we see from (3.25) that 


(3.38) 


wo(s) < wi(s) 


and so, on and slightly above the x axis, the points of T^ lie strictly to the right of 
Cs- On the other hand, since we shall show that 


(3.39) 


Wo{s) > ^Wl(s), 


it will follow that the points of Cs on and near the y axis lie strictly above T^. The 
sets Cs and T^ intersect at a single point {x{s),y{s)) whose exact coordinates will 
be calculated in a moment. In view of (3.38) and (3.39) we will be able to assert 
that, apart from parts of the x and y axes, the boundary of Qs consists of the 
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circular arc C* of radius CaWo(s) from (caWo(s), 0 ) to (x(s), y(s)) and the portion 
r* of the quarter ellipse Fg from (x(s),y(s)) to ( 0 , -^CaWi(s)). 

Let us now prove (3.39). Using (3.26) and (3.27) we see that it suffices to show 
that which is clear, since > 5^. 

To obtain explicit expressions for x{s) and y{s) we simply solve the two equations 
(3.40) x{sY + y{sY = c^wo(s)^ and x{sf' + rj/(s)^ = c^wi(s)^ 

which gives y{s)'^ = ^ and then a;(s)^ = 

we deduce that 

6(1 + rs) 


From this 


(3.41) 

and 

(3.42) 


x{s) = CaWj(s) 


y{s) = CaWj{s) 


a/ 6^(1 + rs)^ + + s)^ ’ 

_ cy/r{l + s) _ 

a/ 62(1 + s)^ + r^+lc2(l + rs)^ ’ 


J= 0 , 1 , 


J= 0 , 1 . 


Remark 3.19. In addition to Fact 3.18 it is now plain that, for the optimal func¬ 
tions go and gi we have 

go{s) > x{s) and gi{s) < y{s) on Eq 

and likewise 

9q{s) < x{s) and gi{s) > y{s) on Ei. 

At first glance one might suspect that Eq = Ei = (0, 00 ), i.e., that gois) = x(s) and 
51 (s) = 2 /( 5 ) • However, if this were the case, we would have that 


x{s) 1 1 

-—ds > — > —pz and 

OCa Ca V2 


yis) , 1 1 

—ds > — > 

Ca V 2 


cc, 


where we have used Proposition 3.15. On the other hand, a numerical calculation 
making use of the explicit formula (3.41) with the values r = 1000, 6 = \/3/2 and 
c = 1/2 yields {x{s)/Cab)ds « 0.6896 < l/-\/2. Thus the functions x and y are 
not optimal in general. 

We shall now use the operators T = 7/;/c„,y/ca fo obtain some new information 
about 7 (G). From (3.40) and (3.30) it is evident that = 1. In order to 

prove the estimate Ca < (1 + •\/r )/2 it clearly suffices to prove that {Tf)i > 
and (T /)2 > i-e., 


(3.43) 


x{s) 2 f°° n 

-—-ds > - ■= and / - -ds > 

OCa 1 + vr Jo CCa 


1 


In order to prove (3.43), we observe that, for j = 0,1, the functions 

1 + rs 


Uj{s) := 


a/ 62(1 + rs)^ + r^+lc^(l + s) 
are increasing on ( 0 ,oo) and, likewise, the functions 

^/f{l + s) 


= 1/W62+ ri+J'c2 


(l + s )2 
(1 + rs )2 


As) ■■= 


a/ 62(1 + s)2 + ri+lc2(l + rs)2 
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are decreasing on (0,oo). By (3.41) we obtain 


bCa 


nl/v^ 


ds = 


uois)d'yois) 


/i/V^ 


uo(s)d7o(s) > 


> Mo(0)(7o(l/^A’) - 7o(0)) +Mo(l/v^)(l - 7o(l/v^)) = 


1 


\/b'^ + rc^ 


+ re 


i2 J_ ^^2 1 -|- yV 

1 — + rc^ 


+ 1 - 1 - 




1 + V^ 

Similarly, by using (3.42), we get 

r vi^) 


> 1 + 


1 + Vr 
2 


1 + Wr 1 


ds > Pi(l/v^)(7i(0) - 7i(l/v^)) + Pi( 00)71 (1/v^) = 


> 1 + 


+ rc^ V 


1 + \/r 


^- 11=1 


'Jr 1 
l + V^y ' l + v^ 'Jr 
l-^/^ 2 


> 


1 + ^/r 1 + ^/r 


This establishes (3.43) and so indeed we have Ca < (1 + 'Jr ){2 and can deduce 
(3.32). 


4. The two dimensional couple X = 


4.1. Terminology, notation and some preliminaries. Let X = Con¬ 

sider the point a = (1, a) € Xg + X^ where a > 1. 

Let E{t, a; X) be the error functional 

E{t,a;X) = inf {||a : P e Xi, ||/3||^^ < t} . 

Then, for t G (0,1], the optimal choice of J is (t, t). For t G [1, a] the optimal choice 
of P is (t, 1), and for t > a the optimal choice is /? = a. Consequently 

f 'J{a — t)^ + (1 — , 0 < t < 1 

E{t,a;X)=< a — t , l<t<a . 

[0 , t > a 


Now let w : (0, a) ^ (l,oo) be a non increasing function and consider the cou¬ 
ple of weighted spaces P = {Po,Pi) on the measure space (0,a) (equipped 
with Lebesgue measure) where Pq = and Pi = L^. Let / = X(o,a)) and let 
E{t,f;P) = inf {II/- gllp^ ■ 9 & Po, Hsllpi < t}- Since w > 1 and w is non in¬ 
creasing, the optimal choice for g is X[o,min(t,a)] for all t G (0,oo). It follows that 
E{tJ;P) = \\f-g\\p^=C^^^^^^w{OdJ 

If w is continuous, then E{t, /; P) is differentiable, with derivative equal to —w{t) 
for all t G (0, a). 

The function E{t,a;X) is also differentiable on (0, a) and its derivative for t G 
(0, a) is given by 


dt 


E{t, a; X) = 


-1 


0 < t < 1 
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By general properties of the error functional, this derivative must be negative 
and non-decreasing. Thus the function 

7 f a+l-2t 0 < t < 1 

(4.1) w4t) :=-^E(t,a;X) = { ’ 

dt (1 ,l<t<a 

is continuous and non-increasing and > 1 on (0, a). In fact, as can be shown 

directly, it is strictly decreasing on (0,1]. If we now choose re = re* then it is easy to 
check that E{t, /; P) = E{t, a; X) for all t > 0. This is equivalent, using well known 
connections between error functionals, iti-functionals and the Gagliardo diagram, 
to the condition 

(4.2) K{t, /; P) = K{t, a; X) for all t > 0. 

For the rest of this section w will always denote the particular function defined 
by (4.1), for some choice of the constant a. It is easy to check that, for every choice 
of a > I, we have 

(4.3) 1 < w(t) < , and so also — 1 < 1 , for all t G (0, a) 


For each fixed a > I, let be the set of all bounded linear operators T : P ^ X, 
which, for / = X(o,o) and a = (a, I) and w as above, satisfy Tf = a. 

Let T be an arbitrary operator in Pa- Then T has the form 
Th = {Xo{h), Xi{h)) ioT all h G Po + Pi, 
where Aq and Ai are both elements of (Pq)* H (Pi)* such that 
Ao(X(o.a)) = a and Ai(x(o,o)) = 1- 

The norm of T satisfies < c for some positive constant c, if and only if 

IIAjll(p^). <cfor j = 0,l 

and 

|Ao(/i)|^ -I- |Ai(/i)|^ < \\h\fp^ for all h G Pi- 

We are interested in the quantity 

(4.4) c,:=inf{||T||p_^ :TgT4. 

By (4.2) and standard properties of the iG-functional we clearly have that 

(4.5) Ca > I. 


By Lemma 2.4 the infimum in (4.4) is attained for some T G Pa- 
There is of course a more concrete version of the representation given above for 
operators P GPa- 

In general, every bounded linear operator P : P X Is determined by two 
functions go and gi in L°°{Q,a). More specifically we will use the notation T = 
Tgo,gi^ where 


(4.6) Ph = Pg^^g^h= (^J h{^)go{^)d^, J h{^)gi{^)d^^ ior each h G Pq + Pi 
Such an operator Tgo,gi is in Pa if and only if the functions go and gi also satisfy 

(4.7) 


na pa 

/ goiOd^ = a and / gi{ 0 d^ = 1. 
Jo Jo 
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For any : P ^ X, the norm estimate \\Tg^^g^ ||< c is equivalent to the 

two conditions 


(4.8) 

and 

(4.9) 


bjllroo < C for j = 0,1 


+(^J^ HOgiiOd^^ “(ii for all 

In fact (4.9) is equivalent to 

(4.10) 5o(C)^ + for a.e. ^ G (0, a). 


GPi. 


The proof that (4.9) implies (4.10) follows readily from the Lebesgue differenti¬ 
ation theorem. The reverse implication follows easily from a suitable version of 
Minkowski’s inequality or Schwartz’ inequality. 


4.2. A simple estimate from below for 7(^2;^^)' We can now easily show 
that X = (£|,1'“) is an example, perhaps the simplest known example so far, of a 
Banach couple whose A-divisibility constant satisfies 

(4.11) 7 (A) > 1. 

It will be convenient to use the terminology not exactly K-divisible (n.e.K-d.) 
for any Banach couple satisfying (4.11). 

Remark 4.1. This example is of interest for a number of reasons: 

• It is apparently the first known example of a couple of rearrangement invariant 
spaces which is n.e.K-d. 

• It also shows that there is no “tight” connection between the exact K-divisibility 

property and the exact Calderon property. Neither of the couples and 

(£g,^“) are exactly K-divisible. However, as shown in the appendix (Section 5), 
(^ 2 )^“) is an exact Calderon couple, but (^1)^8°) is not. (Meanwhile we also know 
(see Section 3) that the Hilbert couple Y = (^2)^1) which is an exact Calderon cou¬ 
ple (see [2]) is not exactly K-divisible.) There are also exactly K-divisible couples 
which are not exact Calderon couples, or not even Calderon couples, an example is 
provided by the couple {L^ 0 0 L^). 

• IFe can also now see that there is not a “tight” connection between exact K- 

divisibility and the property of exact monotonicity, introduced and studied in [12]. 
This follows from the fact that (f?!)^?”) o.nd are both exactly monotone (See 

[12] Theorem 2.1, p. 32). A connection between the K-divisibility and monotonicity 
constants of a couple was established in [12] (See formula (52) on page 55 of [12].^ 
This result was strengthened in [10]. 

Using well known results concerning A-divisibility (Theorem 2.3) it is easy to 
see that 

7 (A) = sup Ca 

a> 1 

where Ca is defined by (4.4). We shall show that Ca > 1 for every a > 1. 

Suppose, on the contrary, that Co = 1 for some a > 1. (Recall 4.5).) Let T be 
the operator in 7^ whose existence we established above, which satisfies UTjj ~ 
Ca = 1. Then there exist functions go and gi in L°°(0,a) satisfying (4.7) and also 
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satisfying the estimates (4.8) and (4.10) for c = 1. In particular, since /J* < 7 o(^)d^ = 
a and | ( 70 (C) I ^ 1 for a.e. C G ( 0 , a), we must have ( 70 (C) = 1 a.e. It follows that 

nl 


1 = / 5o(C)c^C < f - lc?C = f \/w2(C) - Ic^C 

^0 Jo Jo 


(4.12) 


' (2C-a-l)2 

(a-C)2 + (l-C)^ 


- IdC- 


The expression under the square root in the last integral can be rewritten as 


(« + l-2C)^-(a-C)^-(l-C)^ 

(a_C)2 + (l_C)2 


(4.13) 


((«-C) + (i-C))^-(a-C)^-(i-C)^ 

(a - C )2 + (1 - C)^ 

2 (a- 0 ( 1-0 

(a-C)^ + (l-C) 2 ' 


This equals 1 for all C if (z = 1- But, for all a > 1, we have < 1 for 

all C- This shows that (4.12) cannot hold, and so provides the contradiction which 
proves that Ca > 1 and also establishes (4.11). 


Remark 4.2. It is easy to show that Ca = 1 when a = 1. In this case the function 
w assumes the eonstant value \pl on (0,a) = (0,1) and the operator T = Tg^^g^, 
which is obtained by simply choosing go and gi to be both identically 1, is in Ta and 
satisfies ||T||p^^ = 1 . 


4.3. A more elaborate calculation. Throughout this section a will denote a 
fixed number satisfying a > 1 , and go and gi will denote two particular functions 
in L°°{0,a) which satisfy (4.6) and (4.7) for an operator Tg^^g^ e Ta which attains 
the infimum Ca in (4.4). Therefore go and gi satisfy (4.8) and (4.10) with c = Ca- 
Our goal here will be to show that 770 and gi necessarily have certain properties. 
Our calculations in this section will also lead to the estimate 7 (A) < |^|^- 
By familiar arguments (cf. Remark 3.17) we can and will assume that go and gi 
are both non negative. 

We will use the following very simple claim several times in subsequent steps of 
our argument: 

Claim 4.3. Suppose that go and gi are two non-negative functions in L°°{0,a) 
which satisfy 

pa pa 

(4.14) / goiOdf > a and / 5i(C)dC > 1- 

Jo Jo 

Then 

11^90,Si II P^X ^ 

Proof. Suppose, on the contrary that 

(4.15) l|75o.5illp^;e<Ca. 

Then the operator S defined by 

\Jo 5o(C)rfC Jo Jo 5i(C)rfC Jo J 
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has norm strictly smaller than Co . But S € Ta and so we have a contra¬ 
diction, which proves the claim. □ 

It will be convenient to define the planar set 

= {(x,y) : 0 < X < Ca,0 < y < Cajx'^ + 


for each ^ € (0, a). Then, reformulating our remarks above, for any non nega¬ 
tive measurable functions uq and ui on (0, a), \\Tuo,ui\\p^x — 

(mo(0,mi(^)) € for a.e. ^ € (0, a). In particular, the two particular norm mini¬ 
mizing functions go and gi which we are studying, satisfy this condition. 

We note that the boundary of E^ consists of two horizontal and two vertical line 
segments and a circular arc of radius Caw(^) which we will denote by T^. We let 
Vj denote the vertical segment of the right side of the boundary of E^^ i.e. 


= {(ca,g) : 0 < y < Ca\/w‘^{^) - l| 

The uppermost point of Vj, which is also the lowest point of T^, is 

(ca,Ca^/w‘^{^) - l) = {CaWi^)cOStp{^),CaW{^)smlp{^)) 


(4.16) 


where tp{^) = arctan — 1 = arccos ■ 


KO 


Let Ua be the family of all couples (uo, ui) of non negative functions in L°°{0, a) 
which satisfy 

(i) {uoiO,uiiO) 7^ (0,0) for a.e. ^ € (0, a), and 

(ii) \\Tuo,ui\\p^x ^ Ca or, equivalently (wo(0,^^i(C)) € E^ for a.e. ^ € (0, a). 

We claim that the special functions go and gi satisfy 


(4.17) 


( 50 , 9i) G ^o- 


They of course satisfy part (ii) of the definition. To show that they also satisfy part 
(i), let 

iV={eG(0,a):(go(e),gi(O) = (0,0)} 

and let gj = gjX{o,a)\N + '^wxn for j = 0, 1. In view of (4.3) it is clear that 
(S'o(^),gi(C)) G for a.e. ^ G (0,a), which is equivalent to (4.15). But, if N has 
positive measure, then (4.14) also holds, which, by Claim 4.3, is impossible. 

It is convenient to represent each (t6o,Mi) G Ua in the “polar” form (uo,ui) = 
(pcosd, psm0) where p : (0, a) ^ (0, v^) and 9 : (0,a) ^ [0, f ] are the measurable 
functions defined by p(^) = \/uo(C) + rii(C) and 0(^) = arcsin for all ^ G (0, a). 
Accordingly, we let Va be the family of all couples (g, 9) of functions p : (0, a) 

[0, v^) and 9 : (0, a) ^ [0, |] such that (gcos0,gsin0) G Ua- 


Claim 4.4. If {p, 9) G Va and 4 >: (0, a) [0, is a measurable function satisfying 

0(0 < m <\or 9{£,) > m > J 

for a.e. ^ G (0, a), then {p,(f) G Va- 

This is obvious, in view of the form of the sets E^. □ 

We have now the following simple “variational principle”: 
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Lemma 4.5. Suppose that the functions p and 0 satisfy 

(4.18) (P)^) G 'Pa and go = pcoaO and gi = psinP. 

Suppose that A and B are each measurable subsets of (0, a) with positive measure. 
Suppose that p , q are real constants such that, for some (5 > 0 and eaeh constant 
t G [0, (5], the function (ft = & + tpxA + tqxB satisfies 

(4.19) {p,(ft)GVa. 

Then at least one of the following two inequalities 


(4.20) 
and 

(4.21) 
must hold. 


p [ piOsme{f)df + q [ 
JA Jb 


pi p{Ocose{f)df + q [ 
JA Jb 


p{f,)sine{Odf > 0 

p(^) cos6{f)df, < 0 


Proof. Define G'o(t) = p{f) coscftiOdf and Gi{t) = Jq p{0^^^4>t{£,)df for all 
1 G R. Standard arguments (e.g. via dominated convergence) show that Go and Gi 
are differentiable for all t G R. and their derivatives are continuous functions of t 
given by 

Go(.t) = -p[ pif)sm(ft{Odf-q [ pif) sincftiOdf 

JA J B 

and 

G'i{t)=p[ p{Ocos(ft{Odf + q f pif)cos(ft{Odf- 

J A J B 

Suppose that neither of (4.20) and (4.21) hold. Then Go(0) and Gi(0) are both 
strictly positive. Thus Go and Gi are both increasing functions in some neighbour¬ 
hood of 0. So, for some 6' G (0, <5], we have GoiS') > Go(0) and Gi(5') > Gi(0), or, 
in other words, the functions go := pcos<fs' and 'gi := pshufs' satisfy (4.14). But, 
in view of (4.19), these same two functions also satisfy (4.15). By Claim 4.3 this is 
impossible, so at least one of (4.20) and (4.21) must hold. □ 

As our first application of Lemma 4.5 we will prove that 

(4.22) goiO > giiO for a.e. f G (0, a). 

If the functions p and 9 satisfy (4.18) then (4.22) is equivalent to 

(4.23) 9{f) < ^ for a.e. G (0, a). 

So, if (4.22) is false, then the set G (0, a) : goif) < 9i{f)} = {^ G (0, a) : 0{f) > 
j} has positive measure and, furthermore, for some positive number ryo) the set 
A := {^ G (0, a) : 9{f) > po + f} also has positive measure. Since Jq goiOdf > 
lo 9ii0df the set {f G (0,a) : go{0 > pi(C)} = {f & (0, a) : e{f) < f} must 
also have positive measure, and so, for some positive number rji, the set B = {f, G 
(0,a) : 9{f) < f — Vi} also has positive measure. Let p be an arbitrary negative 
number and let g = 1. Let us also choose S = min{? 7 o/|p|,pi}. Then, using Claim 
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4.4, we see that all the hypotheses of Lemma 4.5 hold. Consequently, Lemma 4.5 
implies that 


P [ + [ p(C) sin0(5)(i^ > 0 or 

Ja Jb 

P [ p{Ocose{^)d^+ f p(C) cos < 0 

Ja Jb 

But now we shall show that we have a contradiction by finding a negative number 


p which satisfies 


\pj^ p(C) sin e{Od^ + p(C) sin 0{Od^ < 0 and 
\p Ia p(0 cos 0{^)d^ + /g p(^) cos 9{0d^ > 0. 

In view of (4.17), p(5) > 0 for a.e. ^ and p(^) sin0(^)(i^ > sin >0. We 

also have f. p(^) sin 9(^)d^ > f. p(^) cos9(^)d^ > 0. Similarly K p(^) cos 9(^)d^ > 
Ib PiO cos f dC > 0 and /g p(^) cos 9{^)d^ > /g p(C) sin 6»(^)d^ > 0. 

If p(^) cosd(^)d^ = 0 then every number p < ~ |^p(g) sing({)d; satisfies (4.24). 
Otherwise, if Xi p(C) cos d(^)d^ 0, then condition (4.24) is equivalent to 


^ fAP(0 sin 9(^)d^ 
and so also to 


/bPIO sin 9(^)d^ < _ < fsPiO cos6>(0dg 
IapIO sin 9(^)d^ ^ fA P{0 cos 9{S)d^ ' 

So it is clear that we can find p with the required properties, if and only if 


.. /gp(C)sin6>(0dg sin6>(g)dC 

JbP( 0 cos 9{^)d^ J^p{^) cos 9{^)d^' 

Since sind(^) < cosd(^) for all ^ G B, and sind(^) > cosd(^) for all ^ G 2 I, the left 
term of (4.25) is strictly less than 1 and the right term of (4.25) is strictly greater 
than 1. This proves (4.25) and so provides the contradiction which establishes 
(4.22). 


Claim 4.6. For almost every ^ G (0,a), if goiO = Ca then gi{^) = Ca\/'w‘^{^) — 1 
and, consequently, (<7o(^), di(C)) is the upper endpoint (caw{^) cos-ip{^),Caw{^) sini/>(^)) 
ofV^ as defined in ( 4 .I 6 ). 

Proof. This amounts to showing that the set 

C := {C G (0,a) : go(^) = Ca, 5o(6 +di(C) < c>^(^)} 

has measure 0. If this is not true, then the function ui := giX{o,i)\v + CaVw^-^Xv 
satisfies 

(4.26) r > r giim = 1. 

Jo Jo 

Furthermore (in view of (4.3)) it is clear that (< 7 o(C), mi(^)) G for a.e. ^ G (0, a). 
Since Ca > 1 and Jq go{£,)d^ = ® the set Vi = {^ G (0,a) : ( 70 (C) < Co} must also 
have positive measure. Let 14 be some subset of Vi which also has positive measure 
and define 

do = d0X(0,a)\K + CaXV. and gi = MlX(o,a)\K- 
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Then ( 50 (C), 5i(C)) G for a.e. C G (0, o) and /“5o(C)c^C > fi ffo(0d^ = a. If 

we choose the measure of V* to be sufficiently small then we will also have, using 

(4.26) , that /]^5i(C)c^C > fi = 1- Once again we can apply Claim 4.3 to 

obtain a contradiction. This proves that the set V has measure 0. □ 

Our next step is to show that 

(4.27) The set Q = {C G ( 0 , a) : 51 (C) = 0 , 50 (C) < Ca} has measure 0 . 

If this is false, then we consider the functions 50 = \ {g^ + c^)xQ + 5oX(o,a)\Q 


and 5 i = min | ^/c\ 


- 9o,c, 




XQ + 5iX(o,o)\q- It is clear that on the set Q we 
have 5 o < 5 o < Ca < CaW and consequently also 51 > 0 = 51 . Consequently 50 and 
5 i satisfy (4.14). It is also clear that ( 50 (C), 5i(C)) G for a.e. C G (0, a). We can 
thus use Claim 4.3 to obtain a contradiction and complete the proof of (4.27). 

Claim 4.7. Suppose that, as in Lemma 4-5, the functions p and 6 satisfy (4-18). 
Then 


(4.28) 


5(0 = Ca min 


1 


cos 0(C) 


w(C) \ for a.e. C G (0,a). 


Proof. Let us use the notation p(C) = Ca min { cose(g) ’'^(^)}- (4-23), 

it is clear that 

(4.29) ip,0)eVa 

and that, furthermore, p(C) < p(C) for a.e. C G (0, a). Suppose, contrarily to what 
we claim, that the set i? = {C G (0, a) : p{f) < p(C)} has positive measure. Let us 
write R = RqU Ri where i?o = 7? C {C G (0, a) : 0(C) = 0} and i?i = R\Ro. We 
observe that Rq is exactly the set Q of (4.27) which has measure 0. Consequently Ri 
has positive measure. This implies that the functions go = pcos 9 and 51 = 51 sin0 
satisfy > Jq gj (0^8. for j = 0,1. In view of (4.29) and Claim 4.3 this is 

impossible. □ 

We can now show that the functions p and 0 which satisfy (4.18) also satisfy 

1 TT 

(4.30) arccos—< 0(C) < — for a.e. C G (0, a). 

w(C) 4 

In view of (4.23), we can do this by showing that the set 

1 


W = < C G (0, a) : arccos 


w(C) 


> 0(0 


has measure 0. Let us first observe that, by Claim 4.6, almost every C G (0,a) 
satisfying 50 (C) = Ca also satisfies 0(C) = V'(C) = ^-rccos ^iicl so is not in W. 
On the other hand, every C G W satisfies < cos0(C). Consequently, by (4.28), 
0(0 = Ca/ cosw(f) or, equivalently, 50 (C) = Ca for a.e. C G IL. So indeed W has 
measure 0 and we have proved (4.30). 

Theorem 4.8. Suppose that p and 0 are the functions which satisfy ( 4 .18). Then 
0(C) assumes a constant value a.e. on the set 


(4.31) 


U = i ^ £ (O^a) : arccos • 


1 


< 0(0 
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Proof. Suppose that the theorem is false. Then there exist two subsets A and 
B of U, each having positive measure, and numbers 0o and 9i such that 0 < 0o < 
9i < 7 r /4 and 

< ^0 for all ^ e A and 9i < 9{£) for all ^ € B. 

We can assume further that each ^ & B also satisfies arccos < 9(^) — So for 
some positive number So, since, if not B can be replaced by some subset of positive 
measure which does have this property. Let p = 1 and let q be an arbitrary 
negative number. Then, if (5 = min |f ~ ^07 all the hypotheses of Lemma 4.5 
are satisfied. 

To complete the proof we will show that, for some choice of g < 0, both the 
inequalities 

(4.32) [ pif ) sin 9{£,)d^ + q f p{£,) sin9{^)d£, < 0 

Ja J b 

and 

(4.33) [ p{f)cos9{^)d^ + q [ p{^) cos9{f,)df > 0 

Ja Jb 

hold and thus we have a contradiction to the conclusion which would follow from 
Lemma 4.5. 

We recall (cf. (4.17)) that p{f) > 0 for a.e. ^ G (0,a). So 


and 


f p{f,)sin9{f)df > ( p(^) sin^id^ = sin^i f p{^)d^ > 0 
Jb Jb Jb 

p{0 cos 9{^)df > p{C) cos jd£, = p{^)d^ > 0 . 


Since tan 9o < tan 6*1 we have 


sin 00 ^ cos 00 


sin 01 cos 01 

and consequently the numbers 

lAPi0sin9{^)df 


ro := 


fsPiO sin 9{0df 


and ri := 


JAPjf) cos9{f)d^ 
IbP( 0 cos9{f)d^ 


satisfy 


^ lAPiO sin0odg lAPiO cos 9odf ^ 

~ Ib p(0 sin 9idf /g p{f) cos 9id^ “ ' 

Clearly every number q satisfying ro < —q < ri is negative and also satisfies (4.32) 
and (4.33). This completes the proof of the theorem. □ 

Let 9a be the constant value assumed a.e. by 0(^) on the set U defined by 
(4.31). Then, perhaps after altering p and 0 on sets of measure 0, we obtain that 

[/ = G ( 0 , 0 ) : arccos < 0a|. In view of (4.30), arccos = 9{£,) for a.e. 
feio,a)\u. 

If 9a = 0, then U is empty and so w{^) cos9{£^) = 1 for a.e. ^ G (0, o). Conse¬ 
quently (cf. (4.28)) p(5) = Caj cos0(^) for a.e. f G (0, a) and so 

pa pa 

/ 9s{0df = / piO cos9if,)d^ = Catt. 

Jo Jo 
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But, since Ca > 1, this contradicts (4.7). We deduce that 6a > 0. 

At the other extreme, if 9a > arccos then, since w is strictly decreasing on 
[0,1], we obtain that U = (0, a) and it follows from (4.28) that p(^) = Caw{^) for 
a.e. ^ e (0, a). We also have 

Io9oiOd^ /o“p(Ocos6»adC , ^ 

which implies that sin6*a = aj\/a^ + 1. Consequently, 

(4.34) [ gi{0d^= f p(g)sin6>adg = , ^ ^ f CaW^^d^. 

Jo Jo Va^ +1 Jo 

In view of (4.1), 



w{0d^ 



a; X)d^ = £1(0, a; X) - E(a, a; X) = + 1. 

di 


Combining this with (4.34) gives that Jq giiOd^ = oCa, which contradicts (4.7) 
and so establishes that 9a < arccos . 

From the past two paragraphs and the fact that w is strictly decreasing from 
r(;(0) to 1 on [0,1] we deduce that there exists a unique number ^a & (0,1) such 
that 9a = arccos ^ and that U = (^a, o)- This in turn implies that 


a = 


/ go{Od^= / p(0cos6»(C)dC 

10 Jo 

ria 


cos9{^)d^ + j Caw{^)cos9ad^ 


Jo cos6»(^) 

= Ca^a + Ca COS 9a (^E{^a, a] X) - E{a, a; X)j 

= C,5a + -^V(a-?a)2 + (l-ea)2 
wi^a) 

= + a+ 1- 2Ca ^ 


a + 1 — 2^c 
Ca 

a + 1 — 2^c 


{o-^a + Ca ~ 2C^ + — 2aCa + Ca + 1 ~ ^Ca + Ca^) 

(a^ - aCa + 1 - Ca) • 


So we have 
(4.35) 


+ a — 2aCa 

- aCa + 1 - Ca 


We also have 
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1 = 


f 9i{0di= f piOsme{^)d^ 

Jo Jo 

[ — [ Caw{^)sm0ad^ 

Jo cos 0(4) 

Ca J tan 0{Od^ + Ca sin 0^ (^E{^a, a; X) - E{a, a; 


= Ca - IdC + CaWl- J77T\/(a “ ■Ca)^ + (1 “ Ca)^ 

Jo V ^ 

We have already calculated another expression for — 1 in (4.12) and (4.13), 

so we can substitute it in both terms of the preceding line to get 


1 — Ca 


/ 2(a-g)(l-g) 

3 V(«-?)^ + (l- 0 " 


d^+ 


Ca 


1 / 2(o ^a)(l ^g) n _ , 32 I ('1 _ C 32 _ 

^C(5a) V (« - ?a)2 + (1 - ia? ^ ^ " 


r?- / 2(a-0(l-?) 


+ Cgl 


/2(a - ^g)(l - ^g) ((a - ?g)2 + (l - ^g) ^) 


Jo (a-O^ + O-O^ 

This latter formula can be rewritten as 
(4.36) 


a + 1 — 2^g 


1 /■«“ 2{a-0a-0 


'-a Jo 


{a-o^ + o-a- 


rde + 


/ 2(a-Cg)(l-gg) 
a + 1 — 2^g 


(a-Cg)2 + (l-^g)2. 


If we now substitute for Ca in this equation, using (4.35) we will obtain a rather 
complicated equation for ^g, which we will investigate further in the next section. 

On a more simple level, we can use (4.35) to obtain estimates for Cg from above 
and below. 

. „ a"^ + a — 2at a"^ + a — 2at 

int —;-— < Ca < sup —;-— 

tG{0,l) Ct +1 — (tt H- l)t iG(0,l) ^ “1“ ^ — (q- H“ 1)^ 


The function 1 function of the form where A , b and c 
are positive constants, is either an increasing or decreasing function on any interval 
which does not contain the point where its denominator vanishes. In this case, its 
minimum on [0,1] equals I and is attained at t = 1. Its maximum is and is 
attained at t = 0. The maximum value of as a ranges over [I,oo) is attained 
at a = 1 + V2 and is thus equal to which is approximately equal to 1.2071. 


4.4. Some numerical experiments. In this section we present some numerical 
experiments, which lead us to a guess for the approximate value of the Tf-divisibility 
constant of {i 2 ,JT)i namely 7(^21 ^ 2 °) ~ 1.0304. Fix some value of a and try to 
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find the corresponding value of a; = by defining 


fix) 



2(a — t)(l — t) 

{a - + (1 - ty 




/2(a — a:)(l — x) ((a — x)^ + (1 — x)^) 


a + 1 — 2x 


— ax + 1 — X 
+ a — 2ax 


and solving the equation (4.36) which is simply f{x) = 0. We are using “Maple” 
via its interface with “Scientific Workplace”. We will fix some values of a and then 
try to find x G (0,1) such that f{x) = 0. We are currently ignoring the question 
of whether such an x is unique. To find the corresponding value of Co we compute 

n('r'\ — a^+o-2aa: 

yyx) a'^_ax+l-x ■ 

Here is a table which summarizes some of our numerical experiments, and which 
indicates that maybe the value of 7 is approximately 1.0304: 


a 

X 

Ca 

1.2 

.94667221295 

1.0298 

1.25 

.94778089315 

1.0304 

1.3 

.94840470115 

1.0304 

1.275 

.94811047015 

1.0304 

1.5 

.95139101435 

1.0279 

1.6 

.95340037845 

1.0259 

1.8 

.95781371025 

1.0217 

1.2 

.94667221295 

1.0298 

2 

.96218058915 

1.0179 

2.2 

.96618489325 

1.0148 

I + V 2 

.96997017725 

1.0121 

3 

.977870722252 

1.0073 


5 . Appendix: The couple is an exact Calderon couple when 

n = 2, BUT not when n = 8. 

Suppose that X = and that / = (/o, /i) and g = ( 30 , 51 ) are two points 

in which satisfy K{t,g;X) < K{t, f;X) for all t > 0. We will show that there 
exists an operator T : X ^ X with norm ||r||^^^ < 1 such that Tf = 5 . We 
can of course assume without loss of generality that /o > /i > 0 and 50 > 5 i > 0 . 
The AT-functional inequalty satisfied by / and 5 is equivalent to an A-functional 
inequality which can be written as 

(/o - min(t, /o))^ + (/i - min(t, /i))^ > (50 - min(t, 50 ))^ + (51 - min(t, 51 ))^ 
and which holds for alH > 0 . 

It is clear that /o > go- (Otherwise we get a contradiction by choosing t = 
ifo + 5o)/2-) By setting t = 0 we also have that /q + /f > 5 o + 5 i- This means 
that the condition 

(5.1) f ns)^ds> f g*is)Hs 

Jo Jo 
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holds for < = 0, 1 and for all t > 2. Since both sides of (5.1) are affine functions 
on [0,1] and [1, 2] it follows that (5.1) holds for all t > 0. Then we can apply the 
theorem and proof of Lorentz and Shimogaki [19] to construct the required operator 
T. 

In contrast to the preceding calculation let us now show that (1"^,^“) is not an 
exact Calderon couple for all n > 8. It is conceivable that a similar result also holds 
for other smaller values of n. We recall that it was shown by Sparr [24] Example 5.1 
that the five-dimensional version of the dual couple (£5, ^|) is not an exact Calderon 
couple. (Note also that Brudnyi and Shteinberg [8] have studied relations between 
the Calderon constants for a finite-dimensional couple and for its dual.) 

We set n = 8 and consider the two vectors / and g in given by 

/ = (3,1,1,1,1,1,1,1) and g = (2, 2, 2, 2,0, 0,0, 0). 

Then E{t, = inf {]]/ — h\\p : h G £°°, [[hjj^oo < t} satisfies 

r V(3-i)"+7(l-t)2 , 0<t<l 

E{tJ-e,£°°) = I 3-t , l<t <3 

i 0 , t>3 

and the corresponding error functional for g is given by 


E{t,g;£^,£n 


4 - 2t , 0 < f < 2 
0 , t>2 


Clearly E{t, g;£'^,£°°) < E{t, f;£‘^,£°°) for all t > 0. So, if (^1,^“) is an exact 
Calderon couple, there should be a linear operator T : {£%,£'^) (^1)^8°) 

11^11(^2 ^00) < 1 such that Tf = g. Suppose that such a T exists, and let 

A : R® ^ R be the linear functional obtained by defining X{h) = 

Then A is given by the formula X{h) = where the numbers Xj must 

satisfy 


(5.2) 


i=i 


and also 


(5.3) 








E^^- 


i=i 


The condition T/ = g, i.e. A(/) = 2, implies that equality holds in (5.3) when h = f. 
By standard facts about the Cauchy-Schwartz inequality, this in turn implies that 
(Ai, A2,..., As) = |/. But this contradicts (5.2) and so we have shown that (£g, ^“) 
is not an exact Calderon couple. 
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